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a b s t r a c t
The Randić index R(G) of a graph G is defined by R(G) = uv 1√d(u)d(v) , where d(u) is the
degree of a vertex u in G and the summation extends over all edges uv of G. The eccentricity
ϵG(v) of a vertex v inG is themaximumdistance from it to any other vertex, and the average
eccentricity ϵ¯(G) in G is the mean value of the eccentricities of all vertices of G. There are
two relations between the Randić index and the average eccentricity of connected graphs
conjectured by a computer program called AGX: among the connected n-vertex graphs G,
where n ≥ 3, the maximum values of R(G) + ϵ¯(G) and R(G) · ϵ¯(G) are achieved only by a
path. In this paper, we determine the graphs with the second largest average eccentricity
and show that both conjectures are true.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The Randić index (also called the connectivity index) R of a graph G is defined as follows:
R =

uv∈E(G)
1√
d(u)d(v)
,
where d(u) denotes the degree of a vertex u and the summation runs over all edges uv of G. This topological index was first
proposed by Randić [17] in 1975, suitable for measuring the extent of branching of the carbon-atom skeleton of saturated
hydrocarbons. It is well correlated with a variety of physico-chemical properties of alkanes. The Randić index is the most
popular topological index and three books [8–10] have been devoted to it.
In this paper, we only consider finite, undirected, simple graphs. The distance between two vertices u and v in graph G,
denoted by dG(u, v) (or d(u, v)when the graph is understood), is the length of a shortest path connecting u and v in G. The
eccentricity ϵG(v) of a vertex v in G is defined by themaximumdistance from it to any other vertex. The average eccentricity
ϵ¯(G) in G is the mean value of the eccentricities of all vertices of G. The diameter D(G) of G is the maximum distance d(u, v)
over all pairs of vertices u and v of G, namely, D(G) = maxv∈V (G){ϵG(v)}. Let Pn denote the n-vertex path. Let Yn denote
the n-vertex graph obtained by merging an endpoint of Pn−2 with the central vertex of P3. Let Zn denote the n-vertex graph
obtained by merging an endpoint of Pn−2 with a vertex of the triangle K3 (see Fig. 1.1). For undefined terminology and
notations we refer the reader to the book of Bondy and Murty [3].
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Fig. 1.1. The graphs Yn (left) and Zn(right).
There are many results on the relationship between the Randić index and other graph invariants, such as the minimum
degree [2,4,12], chromatic number [7,15], radius [11], girth [13,16], and so on (see the survey of Li and Shi [14]). In this
spirit, we consider two relations between the Randić index and the average eccentricity, which were first conjectured by a
computer program called AGX (see [1]).
Conjecture 1.1 (Conjecture A. 462-U in [1]). For any connected n-vertex graph G, where n ≥ 3, with the Randić index R(G) and
the average eccentricity ϵ¯(G),
R(G)+ ϵ¯(G) ≤

n− 3+ 2√2
2
+ 3n+ 1
4
n− 1
n
if n is odd;
n− 3+ 2√2
2
+ 3n− 2
4
if n is even,
with equality if and only if G is a path.
Conjecture 1.2 (Conjecture A. 464-U in [1]). For any connected n-vertex graph G, where n ≥ 3, with the Randić index R(G) and
the average eccentricity ϵ¯(G),
R(G) · ϵ¯(G) ≤

n− 3+ 2√2
2
· 3n+ 1
4
n− 1
n
if n is odd;
n− 3+ 2√2
2
· 3n− 2
4
if n is even,
with equality if and only if G is a path.
In this paper, we determine the graphs with the second largest average eccentricity and show that these two conjectures
are true.
2. Some lemmas
First, we give some lemmas that will be used in the sequel.
Lemma 2.1. If G is a connected graph, and T is a spanning tree of G, then
ϵ¯(G) ≤ ϵ¯(T ).
Proof. Since ϵG(v) ≤ ϵT (v) for every vertex v of G, the result is immediate from the definition of average eccentricity. 
Lemma 2.1 was noted in Dankelmann et al. [5]. Now, we give a graph operation which is useful in comparing the average
eccentricities of different graphs.
Lemma 2.2. Let T be a tree other than a path, and let P be a longest path in T . Let v be a leaf not on P, and let Tˆ = T − v. If T ′
is obtained from Tˆ by making v adjacent to an endpoint of P, then ϵ¯(T ′) > ϵ¯(T ).
Proof. By the definition of average eccentricity, it suffices to prove that ϵT ′(w) ≥ ϵT (w) for w ∈ V (T ) = V (T ′), with strict
inequality for v. Forw ≠ v, the distance in T fromw to a farthest endpoint of P is at least dT (w, v); otherwise, P would not
be a longest path in T . We conclude ϵTˆ (w) ≥ ϵT (w). Since Tˆ ⊆ T ′, also ϵT ′(w) ≥ ϵT (w). Finally, v is at the end of a path in
T ′ that is longer than any path in T , so ϵT ′(v) > ϵT (v). 
Note that similar lemmas have been used in the literature on average distance, such as in Fajtlowicz and Waller [6]. We
will need the result of Dankelmann et al. [5] determining the connected n-vertex graphs with largest average eccentricity.
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Lemma 2.3 ([5]). If G is a connected graph with n vertices, then
ϵ¯(G) ≤

3n+ 1
4
n− 1
n
if n is odd;
3n− 2
4
if n is even,
with equality if and only if G ∼= Pn.
Continuing this work, we determine the graphs with the second largest average eccentricity among connected graphs with
n vertices.
Lemma 2.4. If G is a connected n-vertex graph that is not a path, then
ϵ¯(G) ≤

3n+ 1
4
n− 1
n
− n+ 1
2n
if n is odd;
3n− 2
4
− n+ 2
2n
if n is even,
with equality if and only if G ∼= Yn or G ∼= Zn.
Proof. For the graphs Yn and Zn, the equalities hold by explicit computation.
First, we have ϵ¯(T ) ≥ ϵ¯(G) by Lemma 2.1, where T is a spanning tree of G. Assume that G has a spanning tree T other
than a path. If T has at least four leaves, or if T has three leaves and D(T ) < n−2, then we apply the operation of Lemma 2.2
to it, and the resulting tree has larger average eccentricity than T has. Therefore, we need only consider trees with diameter
of n− 2 and three leaves. It is easy to see that Yn has the largest average eccentricity among them.
Note that Yn and Zn are the only n-vertex graphs with diameter n−2 that have Yn as a spanning tree. If all spanning trees
of G are paths, then G is Cn or Pn, the latter contradicting our assumption. It is easy to check that ϵ¯(Cn) < ϵ¯(Yn) for n ≥ 4. 
3. Main results
In this section, we give our main results that Conjectures 1.1 and 1.2 are both true.
We need the following result, which can be found in the survey [14] of Li and Shi.
Lemma 3.1 ([14]). If G is a connected n-vertex graph, then
R(G) ≤ n
2
,
with equality if and only if G is regular.
Theorem 3.2. For any connected n-vertex graph G, where n ≥ 3, with the Randić index R(G) and the average eccentricity ϵ¯(G),
R(G)+ ϵ¯(G) ≤

n− 3+ 2√2
2
+ 3n+ 1
4
n− 1
n
if n is odd;
n− 3+ 2√2
2
+ 3n− 2
4
if n is even,
R(G) · ϵ¯(G) ≤

n− 3+ 2√2
2
· 3n+ 1
4
n− 1
n
if n is odd;
n− 3+ 2√2
2
· 3n− 2
4
if n is even,
with equalities if and only if G is a path.
Proof. If G is a path, then R(G) = n−3+2
√
2
2 ; also ϵ¯(G) = 3n+14 n−1n if n is odd and ϵ¯(G) = 3n−24 if n is even. Thus the
equalities hold. Nowwe assume that G is not a path. By Lemmas 2.3, 2.4 and 3.1, ϵ¯(G)− ϵ¯(Pn) ≤ ϵ¯(Yn)− ϵ¯(Pn) ≤ − n+12n and
R(G) − R(Pn) ≤ n2 − n−3+2
√
2
2 = 3−2
√
2
2 . Thus, ϵ¯(G) − ϵ¯(Pn) + R(G) − R(Pn) ≤ − n+12n + 3−2
√
2
2 < − 12 + 3−2
√
2
2 < 0, which
implies that ϵ¯(G)+ R(G) < ϵ¯(Pn)+ R(Pn). Similarly, we have
ϵ¯(G) · R(G) ≤ ϵ¯(Yn) · n2 =

n
2
·

3n+ 1
4
n− 1
n
− n+ 1
2n

if n is odd;
n
2
·

3n− 2
4
− n+ 2
2n

if n is even,
ϵ¯(Pn) · R(Pn) =

n− 3+ 2√2
2
· 3n+ 1
4
n− 1
n
if n is odd;
n− 3+ 2√2
2
· 3n− 2
4
if n is even.
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We have n2 · ( 3n+14 n−1n − n+12n )− n−3+2
√
2
2 · 3n+14 n−1n = − (6
√
2−7)n2+(8−4√2)n+3−2√2
8n < 0 for n being odd and
n
2 · ( 3n−24 − n+22n )−
n−3+2√2
2 · 3n−24 = − (6
√
2−7)n+10−4√2
8 < 0 for n being even. Thus, ϵ¯(G) · R(G) < ϵ¯(Pn) · R(Pn). 
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